In this paper, we establish a modified reduced differential transform method and a new iterative Elzaki transform method, which are successfully applied to obtain the analytical solutions of the time-fractional Navier-Stokes equations. The obtained results show that the proposed techniques are simple, efficient, and easy to implement for fractional differential equations.
Introduction
In recent years, the fractional differential equations have been used in various fields such as colored noise, electromagnetic waves, boundary layer effects in ducts, viscoelastic mechanics, diffusion processes, and so on [-]. However, most fractional differential equations are very difficult to exactly solve, so numerical and approximation techniques have to be used. Recently, many powerful methods have been used to approximate linear and nonlinear fractional differential equations. These methods include the Adomain decomposition method (ADM) where
∂t α is the Caputo fractional derivative of order α, p is the pressure, ρ is the density, u is the velocity, v is the kinematic viscosity, and t is the time. When α = , equation (.) is the classical Navier-Stokes equation, the form given by
In this paper, we consider the unsteady flow of a viscous fluid in a tube, the velocity field is a function of only one space coordinate, the time is a dependent variable. This kind of time-fractional Navier-Stokes equation has been studied by Momani Khan [] by using the Adomian decomposition method (ADM), the homotopy perturbation transform method (HPTM), the modified Laplace decomposition method (MLDM), the variational iteration method (VIM), and the homotopy perturbation method (HPM), respectively.
In , Daftardar-Gejji and Jafari [] were first to propose the Gejji-Jafari iteration method for solving a linear and nonlinear fractional differential equation. The Gejji-Jafari iteration method is easy to implement and obtains a highly accurate result. The reduced differential transform method (RDTM) was first proposed by Keskin Based on the Gejji-Jafari iteration method and RDTM, we established the new iterative Elzaki transform method (NIETM) and the modified reduced differential transform method (MRDTM) with the help of the Elzaki transform [, ] and we successfully applied this to time-fractional Navier-Stokes equations. The results show that our proposed methods are efficient and easy to implement with less computation for fractional differential equations.
Basic definitions
In this section, we set up notation and review some basic definitions from fractional calculus and Elzaki transforms.
, and it is said to be
where (·) is the well-known Gamma function.
Definition . The fractional derivative of f (x) in the Caputo sense is defined as []
The following are the basic properties of the operator D α :
Definition . The Elzaki transform is defined over the set of functions
A = {f (t) : ∃M, k  , k  > , |f (t)| < Me |t| k , t ∈ (-) j , X ∈ [, ∞)} by the following formula [, ]:T(s) = E f (t) = s ∞ s e -t s f (t) dt, s ∈ [-k  , k  ].
Lemma . The Elzaki transform of the Riemann-Liouville fractional integral is defined as follows [, ]:
E I α f (t) = s α+ T(s). (.)
Lemma . The Elzaki transform of the Caputo fractional derivative is given as follows [, ]:
E D nα x u(x, t) = T(s) s nα - n- k= s -nα+k u (k) (, t), n - < nα ≤ n. (  .  )
New iterative Elzaki transform method (NIETM)
Consider an unsteady, one-dimensional motion of a viscous fluid in a tube. The equations of motions which govern the flow field in the tube are the Navier-Stokes equations in cylindrical coordinates and they are given by [, ]
If the fractional derivative model is used to present the time derivative term, the equation of motion (.) assumes the form
where P = - ρ p z . Applying the Elzaki transform on both sides of equation (.), we have
Using the property of the Elzaki transform and the initial condition, we get
Applying the inverse Elzaki operator on both sides of (.), we obtain
We can obtain
The solution of equation (.) has the series form
The operator N can be decomposed as
According to equations (.) and (.), equation (.) is equivalent to
We define the recurrence relation 
Modified reduced differential transform method (MRDTM)
In this section, the basic definition of the modified reduced differential transform method is introduced as in [, ].
Definition . The modified reduced differential transform of u(x, t) at t = t  is represented as
where α is a parameter which describes the order of the time-fractional derivative.
Definition . The differential inverse transform of U k (x, t) is represented as
According to (.) and (.), the following theorems can be obtained.
Theorem . If w(x, t) = u(x, t) ± v(x, t), then MRDT[w(x, t)]
= U k (x) ± V k (x).
Theorem . If w(x, t) = λu(x, t), then MRDT[w(x, t)] = λU k (x).

Theorem . If w(x, t) = x m t n , then MRDT[w(x, t)] = x m δ(k -n), where
δ(k -n) = , k = n, , k = n.
Theorem . If w(x, t) = u(x, t)v(x, t), then MRDT[w(x, t)]
= k r= U r (x)V k-r (x).
Theorem . If w(x, t) = ∂ r ∂t r u(x, t), then MRDT[w(x, t)]
= (k+r)! k! ∂ r ∂t r U k+r (x).
Theorem . If w(x, t) = ∂ Nα ∂t Nα u(x, t), then MRDT[w(x, t)] = (kα+Nα+) (kα+)
U k+N (x).
Theorem . If w(x, t)
Applying the modified reduced differential transform on both sides of equation (.), we have
Using the property of MRDT, we can obtain
According to equation (.), we have the following result:
So, we get the solution of equation (.) as follows:
Illustrative examples
Example  Consider the following time-fractional Navier-Stokes equation:
(.)
Applying the NIETM
Applying the Elzaki transform on both sides of equation (.), we have
Using the inverse Elzaki transform and the initial condition on both sides of equation (.), we get
According to (.), we get the following results: u(r, t) =  -r  + (P -)t.
Applying the MRDTM
Applying the MRDT on both sides of equation (.), we get
Using the property of MRDT, we have
By iteration with U  =  -r  , we get the result
So, the solution of equation (.) is given as
Example  We consider the following time-fractional Navier-Stokes equation:
(.)
Applying the NIETM
Applying the Elzaki transform on both sides of equation (.), we have
According to the initial condition, we can obtain
Using the inverse Elzaki operator on both sides of equation (.), we have u  =  r (α + ) ,
,
So, the solution of equation (.) is given as
Remark . We apply the NIETM and MRDTM to solve the time-fractional NavierStokes equations, and we get complete agreement with HPM, HPTM, ADM, and VIM. By comparing, NIETM and MRDTM are more easy to understand and implement than other methods with less computation. 
Conclusion
In this paper, we apply the modified reduced differential transform method and new iterative Elzaki transform method for solving the time-fractional Navier-Stokes equation.
The numerical results show that the MRDTM and NIETM are very powerful and efficient techniques for fractional differential equations. 
